A Kakeya set is a subset of R d that contains a unit line segment in every direction. LetS d−1 denote the unit sphere in R d with antipodal points identified. We encode a Kakeya set in R d as a bounded map f :
The Kakeya Conjecture is that this is not possible: equivalently, that the Hausdorff dimension of any Kakeya set in R d is maximal, i.e. equal to d. Davies [3] showed that this conjecture is true when d = 2. Wolff [10] showed that dim H (K) ≥ (d+2)/2, and Katz & Tao [6] showed that dim H (K) ≥ (2 − √ 2)(d − 4) + 3. With the Hausdorff dimension replaced by the upper box-counting dimension, the best bound in three dimensions is now dim B (K) ≥ 5/2 + ; the hard-won improvement over the result of Wolff is due to Katz, Laba, & Tao [7] .
In this paper we show that the box-counting dimension version of the Kakeya Conjecture is true 'generically', in the sense that a residual set of all Kakeya sets have maximal box-counting dimension. Along the way we also show that a dense collection of Kakeya sets have positive measure, in contrast to the result of Besicovitch on the existence of zero measure sets mentioned above.
Our main tool is the simple observation that one can decompose and translate a set without altering its dimension, a process we call 'cut and move'. Using this method we also give a very simple one-page proof that the lower box-counting dimension of any Kakeya set is at least d/2.
Notions of dimension
The Kakeya Conjecture, that the dimension of any Kakeya set in R d is maximal, i.e. d, comes in (at least) two flavours. The strong version uses the Hasudorff dimension, the weaker the upper box-counting dimension.
To define the Hausdorff dimension, we first define the s-dimensional Hausdorff measure of a set A as
where |U | denotes the diameter of the set U . Then
When s is an integer, H s is proportional to s-dimensional Lebesgue measure [4, 9] .
The upper box-counting dimension is defined for any bounded set A, and has a variety of definitions, the most common being 1) where N (A, ) denotes the minimum number of balls of radius required to cover A. Note that it is an immediate consequence of the definition that dim B (A) = dim B (A) (where A denotes the closure of A) in contrast to the Hausdorff dimension, which does not have this property. We will use an equivalent definition in Section 6. This dimension is also referred to as the (upper) Minkowski dimension.
Replacing the lim sup in (6.1) by a lim inf we obtain the lower boxcounting dimension:
It is well known that in general dim
The cut-and-move procedure
Our first tool is the following simple 'cut and move' (decomposition and shifting) lemma, which works for any dimension that is monotonic, stable under finite unions, and translation invariant. A dimension is monotonic if
and invariant under translations if
where
These properties are enjoyed by all the common dimensions: Hausdorff, packing, upper-box (Minkowski), and Assouad (see Falconer [4] or Robinson [9] for a survey of dimensions). Among these, the Hausdorff and packing dimensions are also stable under countable unions (take a countable union in (3.1), replacing the max by a sup on the right-hand side).
We denote by B(R d ) the collection of all bounded subsets of R d .
is monotonic, stable under finite unions, and translation invariant. Let K be any bounded subset of
where the union need not be disjoint. Then for any
If dim is stable under countable unions then one can allow countable unions in (3.2) and (3.3).
Proof.
A fairly simple application of this procedure yields the following result, in which 'dim' can be taken to be any dimension satisfying the conditions of Lemma 3.1, or the lower box-counting dimension 1 . It says that we can move all the line segments in any Kakeya set to within an arbitrary small distance of the origin without altering its dimension. By keeping track of the number of elements in the cover of K as we apply the cut-and-move procedure we will obtain a bound on the lower box-counting dimension of any Kakeya set in Theorem 4.1, below.
Lemma 3.2. Given a Kakeya set K, for any > 0 there exists another Kakeya setK such that dim(K) = dim(K) andK consists of unit line segments whose centres lie within of the origin.
) with sides of length M/n for some integer n such that M/n < / √ d; denote 1 The lower box-counting dimension is not stable under finite unions, but the conclusion of Lemma 3.1 is still valid, since
this family of cubes by {Q j } N j=1 , and their centres by a j . If K j = K ∩ Q j then (3.2) holds, and hence using Lemma 3.1 the set
has the properties required. Figure 1 shows the procedure used in the proof of Lemma 3.2 applied to a 'discrete' Kakeya set consisting of 64 line segments, cutting the original two-dimensional set into 4 n portions and moving the centres of the resulting squares to the origin. Since the Hausdorff dimension is stable under countable unions, the following more striking result holds, and gives a good indication of why one might expect the Kakeya Conjecture to be true. Lemma 3.3. Given a Kakeya set K, there exists a setK such that dim H (K) = dim H (K) and for every > 0 there is a unit line segment inK in every direction whose centre lies within of the origin.
Proof. Let K j be the setK from Lemma 3.2 constructed with = 2 −j , and setK = ∪ j K j .
If one could only push this result a little further to yield a set with a line segment in every direction whose centre was the origin (i.e. the ball of radius 1/2) then this would of course yield a proof of the Kakeya Conjecture. We can achieve this by allowing a small perturbation of our original set, which is the idea behind the density result of Section 5.
The lower box-counting dimension of Kakeya sets
Using the cut-and-move procedure from Lemma 3.1 we can now give a very short and simple proof that dim LB (K) ≥ d/2; the argument is similar to that of Lemma 3.2.
Proof. If dim LB (K) = s then for any s > s there exists a sequence j → 0 such that K intersects a collection Q j of at most −s j cubes in a partition of R d into j -cubes. It follows that (i) the set of midpoints of the line segments in K lies within this collection of j -cubes and (ii) K can be covered by −s j balls of radius √ d j (since every -cube lies within a √ d -ball). We now use the cut-and-move procedure, decomposing K into a collection of at most −s j sets consisting of line segments whose midpoints lie in the jcubes in Q j (these sets need not be disjoint). We translate each set in this decomposition so that the centre of the corresponding j -cube moves to the origin, and we also translate a copy of the entire cover of K by √ d −s j -balls. This yields a setK which can be covered by −2s j balls of radius √ d j , and which contains a line segment in every direction whose midpoints lie within j of the origin. Now simply observe that any point in B(0, 1/2) lies within j of a point inK, so by expanding the radius of the balls in the cover ofK to ( √ d + 1) j we obtain a cover of B(0, 1/2); it follows that N (B(0, 1/2), (
Since the lower box-counting dimension of B(0, 1/2) is d, we must have 2s ≥ d, and since this holds for any s > s, it follows that s ≥ d/2 as claimed.
Density of Kakeya sets with positive measure
In what follows we treat only bounded Kakeya sets. LetS d−1 denote the unit sphere in R d with antipodal points identified. We encode a Kakeya set in R d as a bounded map f :
gives the centre of the unit line segment orientated in the x direction. We denote by B(S d−1 ) the collection of all such maps, and make this a Banach space by equipping it with the supremum norm.
Given such a map f , we define K(f ) to be the Kakeya set encoded by f , explicitly We make the following simple observation.
, set = f − f 0 ∞ and observe that any point in K(f 0 ) lies on a unit line segment with centre f 0 (x), for some x ∈S d−1 , and that there is a corresponding point f (x) ∈ K(f ) that lies within of f 0 (x), since the unit line segment is translated by no more than on changing from
We now employ a variant of the arguments of the previous section to prove the density of maps f for which dim H (K(f )) = d, and more strongly for which µ(K(f )) > 0 (where µ(A) denotes the d-dimensional Lebesgue measure of A).
d . Now proceed as in the proof of Lemma 3.2 to find a disjoint family of cubes {Q j } N j=1 that cover K(f 0 ), whose sides have length < / √ d with centres a j . Now we do not shift the components of the set K(f 0 ), but rather define an element f ∈ B(
clearly f − f 0 ∞ < . Now we can write K(f ) as the finite union K(f ) = N j=1 U j , where U j consists of all those line segments with centre a j , and observe that
Now by the cut-and-move lemma,
In fact the construction in the above proof gives a little more, namely the density of sets with positive Lebesgue measure. We note that Kakeya sets with zero Lebesgue measure were constructed by Besicovich [1] .
Proof. We follow the proof above until we achieve (5.1). Then rather than use the shift lemma, we note that since the Lebesgue measure is subadditive
It follows that there exists an i such that µ(T a i U i ) ≥ µ(B(0, 1/2))/N , and so, since the Lebesgue measure is monotonic and invariant under translations,
A residual collection of Kakeya sets with maximal dimension
We now show that a residual collection of Kakeya sets has maximal upper box-counting dimension. Recall that a set is nowhere dense if its closure contains no open sets, and a set is residual if its complement is the countable union of nowhere dense sets, see Oxtoby [8] .
We make use of another equivalent definition of the box-counting dimension (see Falconer [4] , for example). Let N disj (A, ) denote the maximum number of disjoint closed -balls with centres in A. Then it is well known that
Proof. Define
It follows from (6.1) that (cf. [5] ) is open. Given any A ∈ F ,r , suppose that there are N > δ r disjoint closed balls of radius δ < with centres {a j } ∈ A. Then these balls are all at least some distance η > 0 apart, and so any set B with dist H (A, B) < η/2 contains points b j with |a j − b j | < η/2 and the δ balls with centres {b j } are still disjoint. Thus N disj (B, δ) ≥ N > δ r and hence B ∈ F ,r , which is sufficient.
The result now follows using the Baire Category Theorem, since
is the countable intersection of open dense sets.
